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1. INTRODUCTION
Ž .Recall that a sequence of integers 1, c , c , . . . s c is called an O-se-1 2
Ž w x w x w x .quence see 3 , 4 , and 11 for definitions if c is bounded by a certainiq1
Ž w x.well-defined function of c as defined by Macaulay 8 . It is also welli
known that if c is an O-sequence, then c uniquely determines a polynomial
Ž . w xP t g Q t such that, for all n c 0, n g N, we havec
P n s c .Ž .c n
Ž .If P t is the zero polynomial, we say that c is an artinian O-sequence. If,c
Ž .however deg P t s d G 0, then we say that c is an O-sequence ofc
dimension d q 1.
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w x ‘ ŽNow, if R s k x , . . . , x s [ R R the subvectorspace of R gen-1 n i iis0
. ‘ Ž .erated by all monomials of degree i and I s [ I I : R is aj j jjs0
Ž .homogeneous ideal of R, then the Hilbert function of RrI or of I is the
function
j q n y 1
H RrI , j [ dim R rI s y dim I .Ž . Ž .k j j k jž /n y 1
Macaulay showed that the Hilbert sequence
c s 1, c s dim R rI , . . . , c s dim R rI , . . .Ž . Ž .0 1 k 1 1 i k i i
is an O-sequence. It is also known that the dimension of this Hilbert
sequence is the Krull dimension of the ring RrI.
Ž .Given an infinite sequence 1, c , c , c , . . . s c, we can integrate it to1 2 3
get a new sequence
c s 1, 1 q c , 1 q c q c , 1 q c q c q c , . . .Ž .H 1 1 2 1 2 3
or differentiate it to get a new sequence
Dc s 1, c y 1, c y c , c y c , . . . .Ž .1 2 1 3 2
ŽIt is not hard to see that if c is an O-sequence, then so is Hc but in
.general Dc is not an O-sequence. If Dc is an O-sequence, we say that c is
a differentiable O-sequence.
w xIn 3 it was shown that the O-sequence c is the Hilbert sequence of a
reduced k-algebra if and only if c is a differentiable O-sequence. In fact, if
Ž . w xc s 1, n q 1, c , . . . , then the procedure of 3 gives an algorithm for2
constructing a reduced variety in P n with Hilbert function given by the
entries of c.
In the particular case where c is a one-dimensional differentiable
O-sequence, the algorithm constructs a set of points in P n with the entries
of c as its Hilbert function.
Ž .EXAMPLE 1.1. Let c s 1, 3, 6, 8, 9, 9, . . . . Then c is a one-dimensional
w xdifferentiable O-sequence and the algorithm of 3 constructs a set of nine
2points X in P , with Hilbert function c, disposed as follows: five points on
one line, three on a second line, and one on a third line. For example,
v
v v v
v v v v v.
Note that it is also true that any nine points of P2 which are the complete
intersection of two plane cubics will also have Hilbert function described
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by c above, but that any set constructed by the algorithm is NEVER a
Žcomplete intersection of the two cubics through them those cubics have
the quadric consisting of the lines through the 5 and 3 points, respectively,
.as a common factor .
Ž .Thus, in a certain sense which we will make more precise below , the
w xalgorithm of 3 constructs a very special family of examples of points
having the given Hilbert function.
If X is a finite set of distinct points in P n, the ideal of X in S s
w x Ž .k x , x , . . . , x denoted I has a resolution by finitely generated graded0 1 n X
free modules
0 “ F “ ??? “ F “ F “ I “ 0,n 2 1 X
where
a i
b i jF s S ya , where a - a - ??? - a s a q a y 1.Ž .Ýi i j i1 i2 ia i1 ii
js0
Ž . Ž .The numbers b I G 0 or simply b if no confusion can occur arei j X i j
Ž . Ž . a icalled the i, j -th-graded Betti numbers of I or X and b s Ý b sX i js0 i j
rk F is called the ith-total Betti number of I .i X
As we alluded to in Example 1.1 above, different sets of points with the
Žsame Hilbert function need not have the same Betti numbers total or
.graded .
Now suppose that c is a one-dimensional differentiable O-sequence and
let Dc be its first difference. Then Dc is an artinian O-sequence. It was
Macaulay who originally showed that one could find a lex-segment
Ž . Ž w x .artinian ideal see 2 for definitions in R so that RrI had Hilbert
function given by the entries of Dc. In a major improvement of that result
w x w xof Macaulay, Bigatti 1 and Hulett 7 independently showed that the
Žlex-segment ideal of Macaulay also had extremal Betti numbers total and
.graded among all artinian ideals with Hilbert function given by the entries
of D .c
ŽThat is, if we fix Dc where c is a one-dimensional differentiable
.O-sequence and let I be the lex-segment ideal in R so that RrI has Dc
as Hilbert function and J is any other ideal in R with the same Hilbert
function, then
b I G b J for all i s 1, . . . , n ,Ž . Ž .i i
and
b I G b J for all 1 F i F n , 1 F j F a .Ž . Ž .i j i j i
w xIn 2 we showed that if c is a differentiable one-dimensional O-sequence
for which c F 2 and X is any set of points in P2 constructed using the1
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w x Žalgorithm of 3 , then I has extremal Betti numbers for Dc. Note thatX
the Betti numbers of I : S are the same as the Betti numbers of J : RX
Ž . Ž .where J s I , L r L for L a linear form S which is not a zero divisorX
Ž . .on SrI and we think of R as R s Sr L .X
w xIf one abstracts some of the ideas of the algorithm of 3 , one can then
describe the parameters of what is called a k-configuration of points in P3
Ž .see Section 2.1 below for a precise definition . For a given choice of
parameters, we associate a one-dimensional differentiable O-sequence c
for which c F 3 and this association gives a bijection between these two1
sets. We then show that if X and Y are two sets of points in P3 which form
a k-configuration with the same parameters, then I and I have all theX Y
Žsame graded Betti numbers which can be described in terms of the
.parameters of the k-configuration . Thus our procedure also offers a
geometric interpretation of the Betti numbers in this case. The form of the
Ž . w xresolution 3.1 was conjectured in 10 .
Moreover, we consider any fixed set of parameters for a k-configuration
in P3 and we show that there is a set of points X which is a k-configura-
Ž . w xtion for these parameters and a linear form L g S s k x , x , x , x0 1 2 3
Ž . Ž .which is not a zero divisor on SrI and such that if J s I , L r L inX X
Ž .R s Sr L , then J is a lex-segment ideal. It then follows that all k-config-
urations in P3 have the extremal Betti numbers, as described by Bigati and
Hulett. As a consequence, the combinatorial description of these Betti
w x w xnumbers given by Bigatti 1 and Hulett 7 now has a geometric interpreta-
tion.
2. SPECIAL k-CONFIGURATIONS OF POINTS
w xRoberts and Roitman 9 introduced the following definition.
DEFINITION 2.1. A k-configuration of points in P2 is a finite set X of
points in P2 which satisfy the following conditions: there exist integers
1 F d - ??? - d , and subsets X , . . . , X of X, and distinct lines1 m 1 m
L , . . . , L : P2, such that:1 m
Ž . m1 X s D X ;is1 i
Ž . < <2 X s d and X ; L for each i s 1, . . . , m, and;i i i i
Ž . Ž .3 L 1 - i F m does not contain any points of X for all j - i.i j
2 Ž .In this case, the k-configuration in P is said to be of type d , . . . , d .1 m
Žw x w x.THEOREM 2.2 5 , 9 . Let k be any field. For gi¤en integers 1 F d -1
2 Ž .??? - d , all k-configurations in P of type d , . . . , d ha¤e the samem 1 m
Hilbert function denoted by HŽd1, . . . , dm.. If X is a k-configuration in P2 of
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Ž .type d , . . . , d , then1 m
HŽd1 , . . . , dmy 1. i y 1 q i q 1, for i F d y 1,Ž . mH X, i sŽ . ½ < <X , for i G d y 1.m
In particular, for i G 0 and s s Ým d , we ha¤eis1 i
HŽd1 , . . . , dm . i s s if and only if i G d y 1.Ž . m
2 Ž .Moreo¤er, if I is the ideal of a k-configuration in P of type d , . . . , d , then1 m
Ž .n I s m q 1 and a set of minimal generators of I ha¤e degrees m, d q m1
y 1, . . . , d q m y i, . . . , d .i m
2 Ž .This theorem shows that all k-configuration in P of type d , . . . , d1 m
have the same graded Betti numbers and it is easy to see that these are
extremal for the artinian O-sequence DHŽd1, . . . , dm..
We would like to extend this result into P3. To do that, we need an
appropriate notion of k-configuration for points in P3. Fortunately, Harima
w x6 has made such a definition.
Žw x. 3DEFINITION 2.3 6 . A k-configuration of points in P is a finite set of
points X which satisfy the following conditions: there exist subsets
X , . . . , X of X and distinct hyperplanes H , . . . , H such that:1 u 1 u
Ž . u1 X s D X ;is1 i
Ž .2 X ; H for any i s 1, . . . , u;i i
Ž . Ž .3 H 1 - i F u does not contain any points of X for any j - i;i j
Ž . Ž . Ž .4 X 1 F i F u is a k-configuration in H of type d , . . . , d ,i i i1 im i
and;
Ž .5 d - m for every 1 F i - u.im iq1i
In this case, the k-configuration in P3 is said to be of type
d , . . . , d ; . . . ; d , . . . , d .Ž .11 1m u1 um1 u
Ž . ŽFor simplicity of notation, let d denote the tuple of integers d , . . . ,i j 11
.d ; . . . ; d , . . . , d with d - m for every 1 F i - u.1m u1 um im iq11 u i
Ž .EXAMPLE 2.4. Note that 1; 1, 3; 1, 3, 5 are not the parameters of a
3 Ž .k-configuration in P since d s 3 s m . But 1; 1, 3; 2, 4, 5, 6 are the22 3
parameters of a k-configuration in P3.
w x w xIt follows from the work in 6 and 3 that if H is a differentiable
Ž .O-sequence beginning 1, c , . . . where c F 4, then there is a k-config-1 1
uration of points in P3 whose Hilbert function is H. In fact, the parame-
Ž w x.ters of such a configuration are uniquely determined by H see 6 .
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Suppose, now, that I is the ideal of a k-configuration of points in P3.
Then I has a resolution
0 “ F “ F “ F “ I “ 0.3 2 1
We can give a complete description of F .1
Žw x. 3THEOREM 2.5 10 . Let X be a k-configuration in P of type
Ž . Žd , . . . , d ; . . . ; d , . . . , d and let I be the ideal of X. Set e s m y11 1m u1 um i i1 u
. Ž . u Ž .i q u for 1 F i F u. Then n I s Ý m q 1 q 1 and the degrees of theis1 i
minimal generators of I are
u ,
e , e q d y 1 , . . . , e q d y i , . . . , e q d y m ,Ž . Ž . Ž .1 1 11 1 1 i 1 1m 11
. .. .. .
e , e q d y 1 , . . . , e q d y i , . . . , e q d y m ,Ž . Ž . Ž .j j j1 j ji j jm jj
. .. .. .
e , e q d y 1 , . . . , e q d y i , . . . , e q d y m .Ž . Ž . Ž .u u u1 u ui u um uu
It remains to give a description of F and F .2 3
3. THE MINIMAL GRADED FREE RESOLUTION OF THE
IDEAL OF A k-CONFIGURATION IN P3
In this section, we shall give a description of the graded Betti numbers
of a minimal free resolution of a k-configuration of points in P3 which
depends only on the parameters of the configuration. We will proceed by
Žinduction on the number of hyperplanes in the configuration ``u'' in the
.definition . We start with the case u s 1.
Žw x. 3 Ž .LEMMA 3.1 10 . Let X be a k-configuration in P of type d , . . . , d1 m
and let I be the ideal of X. Then the minimal graded free resolution of I as an
R-module is
0 “ R y d q m q 1 [ ??? [ R y d q 2Ž . Ž .Ž . Ž .1 m
2 2“ R y m q 1 [ R y d q m [ ??? [ R y d q 1Ž . Ž . Ž .Ž . Ž . Ž .1 m
“ R y1 [ R ym [ R y d q m y 1 [ ??? [ R ydŽ . Ž . Ž . Ž .Ž .1 m
“ I “ 0.
w xA proof of Lemma 3.1 is given in 10 . We offer a different proof here.
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2 Ž .Proof. If J is the ideal of a k-configuration in P of type d , . . . , d ,1 m
w xthen if A s k x , x , x rJ, we know the minimal resolution of A as an0 1 2
w x w x Ž .R s k x , x , x -module. If S s k x , then an S-resolution of k s Sr x0 1 2 3 3
is
=x3 60 “ S y1 S “ k “ 0.Ž .
3 Ž .The ideal I of a k-configuration in P of type d , . . . , d is given by1 m
J m S q R m x s IŽ .k k 3
in R m S and it is well known that a minimal resolution of such an I isk
given by tensoring the minimal resolutions of A and k. The result follows
w xfrom 5 where the minimal resolution of A is described.
We are now ready to state the main theorem of this paper.
3 ŽTHEOREM 3.2. Let X be a k-configuration in P of type d , . . . , d ;11 1m1
. u Ž .. . . ; d , . . . , d and let I be the ideal of X. Set M s Ý m q 1 ,u1 um is1 iu
Ž .e s m y i q u for 1 F i F u, and d s d y i for 1 F j F u, 1 F i F m .i i ji ji j
Then, the minimal graded free resolution of I, as an R-module, is gi¤en by
Myu 2 Myu Mq1
3.1 0 “ R yc “ R yb “ R yaŽ . Ž . Ž .Ž .[ [ [i j k
is1 js1 ks1
“ I “ 0,
Ž .where the a 's are the elements in the u q 1 -rowed grid:k
u
e e q d ??? e q d ??? e q d1 1 11 1 1 i 1 1m1
. .. .. .
A [ e e q d ??? e q d ??? e q dj j j1 j ji j jm j
. .. .. .
e e q d ??? e q d ??? e q d ,u u u1 u ui u um u
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the b 's are the elements in the u-rowed grid:j
e q 1 e q 1 q d ??? e q 1 q d ??? e q 1 q d1 1 11 1 1 i 1 1m1
. .. .. .
e q 1 e q 1 q d ??? e q 1 q d ??? e q 1 q dB [ j j j1 j j1 j jm j
. .. .. .
e q 1 e q 1 q d ??? e q 1 q d ??? e q 1 q du u u1 u ui u um u
Ž w xwhere the entries in square brackets `` '' are to be included twice in the
.resolution , and the c 's are the elements of the u-rowed grid:i
e q 2 e q 2 q d ??? e q 2 q d ??? e q 2 q d1 1 11 1 1 i 1 1m1
. .. .. .
e q 2 e q 2 q d ??? e q 2 q d ??? e q 2 q dC [ j j j1 j ji j jm j
. .. .. .
e q 2 e q 2 q d ??? e q 2 q d ??? e q 2 q d .u u u1 u ui u um u
Remark]Example 3.3. Before beginning the proof of this theorem, it
will be useful to have an example which illustrates the algorithmic way one
can compute this resolution. So suppose X is a k-configuration in P3 of
Ž .type 1; 1, 3; 2, 4, 5, 6 . Let us collect the numbers required by Theorem 3.2:
u s 3, M s 2 q 3 q 5 s 10,
e s 3, e s 3, e s 4.1 2 3
The grid given by the numbers d s d y i isji ji
0
0 1
1 2 2 2
so the grids A, B, and C are
3 w x4 4
3 3 w x w x4 4 5A s ; B s ;
3 3 4 w x w x w x w x5 6 7 7 74 5 6 6 6
5
C s 5 6
7 8 8 8.
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So, if I is the ideal of such a k-configuration, then I has minimal
resolution
0 “ R2 y5 [ R y6 [ R y7 [ R3 y8Ž . Ž . Ž . Ž .
6 3 2 6“ R y4 [ R y5 [ R y6 [ R y7Ž . Ž . Ž . Ž .
5 2 3“ R y3 [ R y4 [ R y5 [ R y6 “ I “ 0.Ž . Ž . Ž . Ž .
Proof of Theorem 3.2. We first make a few observations about the grids
A, B, and C referred to above. Since the d , for any fixed j, are strictlyji
increasing, we see that the numbers in each row of each grid are nonde-
Ž .creasing as we go from left to right. Notice also that Condition 5 of the
definition of a k-configuration in P3 implies that the m are also strictlyi
increasing. It follows from this that the numbers in every column of the
grid are nondecreasing as we go from top to bottom. Notice also that the
last element in row j of grid A is e q d y m s m y j q u q d yj jm j j jmj j
Ž .m s d y j q u, while the first entry in row j q 1 of the grid A isj jm j
Ž .e s m y j q 1 q u. Now d y j q u F m y j y 1 q u sincejq1 jq1 jm jq1j
Ž Ž . .again by Condition 5 of Definition 2.3 d - m . It is easy to see thatjm jq1j
the same observations hold for the grids B and C.
For the remainder of the proof, we shall adopt the notation used in
Definition 2.3 and we shall prove the theorem by induction on u. A glance
at the numbers in Lemma 3.1 shows that we are done in case u s 1. Note
also that Theorem 2.5 provides that the A grid is correct. So, we shall only
concentrate on the grids B and C.
Now suppose u ) 1. Let Y s Duy1 X and let I be the ideal of Y.is1 i Y
Then Y is a k-configuration in P3 of type
d , . . . , d ; . . . ; d , . . . , d .Ž .11 1m Žuy1.1 Žuy1.m1 uy1
ŽIt is worthwhile to observe the relationship between the grids for Y BY
. Ž .and C and the conjectured grids for X B and C . Those for Y haveY X X
one fewer row than the corresponding grid for X. Moreover, if we ignore
the last row of the conjectured grids for X and subtract 1 from every entry
in the resulting grids, we obtain the grids for Y. Note also that the grids
B and C are exactly the same as the conjectured last row of theX Xu u
corresponding grids for X.
Ž . Ž . Ž Ž .. Ž .Let H s I H , S s Rr H , and J s I q H r H . Thenu u u u u
I I I q HŽ .us , s J ; S.w xH ? I : H H l I HŽ . Ž .u u u u
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Thus we have an exact sequence of graded modules:
I q HŽ .=H uu 6w x3.2 0 “ I : H y1 I “ “ 0.Ž . Ž .u HŽ .u
Now suppose Ým j Ýuy1d s s and Ým u d s t. Then we can writejs1 is1 i j rs1 ur
 4Y s P , . . . , P ,1 s
 4X s P , . . . , P .u sq1 sqt
Ž .Let ‘ s I P , for every i s 1, . . . , s q t. Sincei i
R , if H g ‘ ,u iw x‘ : H si u ½ ‘ , if H f ‘ ,i u i
we have, for every i s 1, . . . , s q t, the following:
sqt sqt
w x w xI : H s ‘ : H s ‘ : HF Fu i u i u
is1 is1
s s
w xs ‘ : H s ‘ s I .F Fi u i Y
is1 is1
Ž .Thus we can rewrite the exact sequence 3.2 as
=Hu 63.3 0 “ I y1 I “ J “ 0.Ž . Ž .Y
Ž .From the long exact sequence of cohomology using the functor ym kR
Ž .applied to the exact sequence 3.3 and using the fact that I and I areY
RŽ . RŽ .height 3 perfect ideals, and so Tor I , k s Tor I, k s 0 for all n G 3,n Y n
we obtain
0 “ Tor R J , kŽ .3
R R R“ Tor I , k y1 “ Tor I , k “ Tor J , kŽ . Ž . Ž . Ž .2 Y 2 23.4Ž . R R R“ Tor I , k y1 “ Tor I , k “ Tor J , kŽ . Ž . Ž . Ž .1 Y 1 1
Ž .=H m1u 6“ I m k y1 I m k “ J m k “ 0.Ž .Y R R R
Let I be the ideal of X and consider the exact sequenceX uu
0 “ H “ I “ I r H “ 0.Ž . Ž .u X X uu u
3.5Ž . I
J
Ž w x.Notice that by the explicit description given in Theorem 2.5 of 10 of the
Ž .generators of I, we obtain that I r H , J.X uu
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ŽFrom the long exact sequence of cohomology using the functor ym kR
Ž ..again, but now applied to the sequence 3.5 , we obtain
0 “ Tor R J , kŽ .3
R R R“ Tor H , k “ Tor I , k “ Tor J , kŽ . Ž .Ž . Ž .2 u 2 X 2u3.6Ž . R R R“ Tor H , k “ Tor I , k “ Tor J , kŽ . Ž .Ž . Ž .1 u 1 X 1u
“ H m k “ I m k “ J m k “ 0.Ž .u R X R Ru
RŽŽ . .Since Tor H , k s 0 for every i G 1, we obtaini u
Tor R J , k s 0,Ž .3
Tor R J , k , Tor R I , k .Ž . Ž .2 2 X u
Thus,
0 “ Tor R I , k “ Tor R J , kŽ .Ž .1 X 1u3.7Ž . “ H m k “ I m k “ Jm k “ 0Ž .u R X R Ru
is exact.
Now H is a minimal generator for I , sou X u
0 “ H m k “ I m k “ J m k “ 0Ž .u R X R Ru
RŽ . RŽ .is exact. It follows that Tor I , k , Tor J, k also. Thus we can1 X 1u
Ž .rewrite the long exact sequence 3.4 as
0 “ Tor R I , k y1 “ Tor R I , k “ Tor R I , kŽ . Ž . Ž . Ž .2 Y 2 2 X u
R R R“ Tor I , k y1 “ Tor I , k “ Tor I , kŽ . Ž . Ž . Ž .1 Y 1 1 X u3.8Ž . Ž .=H m1u 6“ I m k y1 I m k “ J m kŽ .Y R R R
“ 0.
Now, by induction, we obtain that whenever
t y 1 ) m y u y 1 q u y 1 q 1 q d y mŽ . Ž . Ž .Ž . Ž .uy1 Žuy1.m uuy 1
Ž .the last}and consequently largest}entry in the grid B , we haveY
w RŽ .xTor I , k s 0, that is, we have this vanishing whenever1 Y ty1
t y 1 ) d q 1.Žuy1.m uy 1
Thus, for every such t y 1, we have:
R R R0 “ Tor I , k “ Tor I , k “ Tor I , k “ 0Ž . Ž . Ž .2 Y 2 2 Xty1 t u t
is exact.
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Now suppose t y 1 F d q 1, that is, t F d q 2. Since,Žuy1.m Žuy1.muy 1 uy1
by definition, d - m , we obtain thatŽuy1.m uuy 1
t F d q 2 - 1 q m q 1 F d q m q 1.Žuy1.m u u1 uuy 1
But by Lemma 3.1, the smallest entry in the C grid for I is d q m q 1.X u1 uuw RŽ .xThus Tor I , k s 0 for t F d q 2 and so2 X t Žuy1.mu uy1
R R0 “ Tor I , k “ Tor I , k “ 0Ž . Ž .2 Y 2ty1 t
is exact for such t.
Thus we have shown that
R R R0 “ Tor I , k “ Tor I , k “ Tor I , kŽ . Ž . Ž .2 Y 2 1 Xty1 t u t3.9Ž .
“ 0
is exact for every t G 0. It follows from this that the grid C is obtained byX
adding 1 to the grid C and using that for the first u y 1 rows of C andY X
copying the grid C to make the last row of C ; exactly what we wanted.X Xuw xNow I m k s 0 wheneverY R ty1
t y 1 ) m y u y 1 q u y 1 q d y mŽ . Ž . Ž .Ž . Ž .u Žuy1.m uy1uy 1
Ž .the latter being the last}and hence largest}entry in the A grid for Y ,
that is, whenever
t y 1 ) d .Ž . Žuy1.m uy 1
Since d F m y 1, we obtain thatŽuy1.m uuy 1
R R R0 “ Tor I , k “ Tor I , k “ Tor I , k “ 0Ž . Ž . Ž .1 Y 1 1 Xty1 t u t
Ž .is exact for every t G m . However, by Lemma 3.1, the first hence lowestu
w RŽ .xentry in the grid B is m q 1, and so Tor I , k s 0 for t F m .X u 1 X t uu u
Thus
R R R0 “ Tor I , k “ Tor I , k “ Tor I , kŽ . Ž . Ž .1 Y 1 1 Xty1 t u t3.10Ž .
“ 0
is exact for every t G 0. It follows that the grid B is what we wanted andX
that finishes the proof.
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4. EXTREMAL RESOLUTIONS
In the last section, we showed that all k-configurations of points in P3,
with the same parameters, have the same graded Betti numbers in their
minimal free resolution. In this section, we shall show that for every set of
parameters for a k-configuration of points in P3, we can find a set of
points corresponding to that configuration whose ideal I has the property
Ž .that it reduces modulo some nonzero divisor to a lex-segment ideal. We
can then employ the work of Bigatti and Hulett to see that this k-config-
Ž .uration has an extremal resolution and hence by our earlier Theorem 3.2
assert that ALL k-configurations of points in P3 have extremal resolu-
tions. We now turn to the description of those special configurations.
w x 3Let k x, y, z, w be the usual homogeneous coordinate ring for P and
let A3 : P3 be the complement of the hyperplane described by w s 0. We
Ž . w x 3will abusively use k x, y, z for the affine coordinate ring of this A .
Ž .Let d , . . . , d ; . . . ; d , . . . , d be the parameters of a k-configura-11 1m u1 um1 u
tion of points in P3. We shall construct a set of points which realizes these
parameters and which are located in the following planes:
H : x s u y 1; H : x s u y 2; . . . ; H : x s 0.1 2 u
Ž .Note that this is a family of planes parallel to the yz-plane. In each of
Ž 2 .these planes, we shall place a k-configuration of points in P as follows:
Ž 2 .in hyperplane H we place the k-configuration of points of P of typei
Ž .d , . . . , d in the following way:i1 im i
d points with coordinates u y i , 0, j , 0 F j F d y 1,Ž .im imi i
...
d points with coordinates u y i , m y 2, j , 0 F j F d y 1,Ž .i2 i i2
d points with coordinates u y i , m y 1, j , 0 F j F d y 1.Ž .i1 i i1
A k-configuration of points in P3 constructed as above will be called a
standard k-configuration.
3 Ž .EXAMPLE 4.1. A standard k-configuration in P of type 1; 1, 3; 1, 2, 3, 4
is as in Fig. 1.
Let I be a perfect homogeneous ideal of a polynomial ring R over a
field k and let
0 “ F “ ??? “ F “ R “ RrI “ 0n 0
w xbe a minimal free resolution of the ideal I. Let R s k x , . . . , x be a1 n
polynomial ring over a field k. Let T be the monoid of terms inR
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3 Ž .FIG. 1. Standard k-configuration in P of type 1; 1, 3; 1, 2, 3, 4 .
x , . . . , x ; we consider, in T , the total ordering defined as follow:1 n R
x a1 ??? x an ) x b1 ??? x bn1 n 1 n
if the first nonzero coordinate of the vector
n
a y b , a y b , . . . , a y bŽ .Ý i i 1 1 n nž /
is1
is positive. This ordering is commonly known as the degree-lexicographic
order. A lex-segment is an ordered sequence of terms s ) ??? ) s with1 r
the property that any term s for which s ) s ) s is in the given1 r
sequence, where deg s s ??? s deg s and s is the largest term of that1 r 1
degree.
DEFINITION 4.2. Let I s [ I be a graded ideal of R. We say that Itt G 0
Ž .is a lex-segment ideal if for every t G 0, I is generated as a vector spacet
by a lex-segment.
w x Ž . w xLet R s k x, y, z, w and S s Rr w , k x, y, z .
THEOREM 4.3. Let X be a standard k-configuration in P3 of type
Ž . Žd , . . . , d ; . . . ; d , . . . , d and I be the ideal of X. Let J s I q11 1m u1 um X X1 u
Ž .. Ž .w r w ; S. Then J is a lex-segment ideal in S.
w xProof. The proof relies heavily on the work done in 2 . The reader is
Ž .advised to consult that paper especially Example 2.4 to understand what
motivates this proof.
3Ž . 3Ž . Ž .Suffice it to say that if we consider A k as P k y V w and the
3Ž .lattice points of the positive octant in A k as corresponding to the
k-CONFIGURATIONS IN P3 365
w x Ž Ž . a b c.monomials of S s k x, y, z where a, b, c l x y z , then if I , I : RX X
w xs k x, y, z, w , is the ideal of the points in a standard k-configuration in
P3, then the monomials which correspond to the lattice points not in X
Ž Ž .. Ž .are a set of generators for J s I q w r w : S.X
So, to prove this theorem it suffices to prove that the ideal generated by
the monomials which correspond to the points not in a standard k-config-
uration, generate a lex-segment ideal.
Ž . Ž .Thus, suppose that the point ( s i y 1, m y j, g see Fig. 2 is ``out-i
Ž .side'' our standard k-configuration and naturally in the positive octant of
A3. Then, clearly, g ) d y 1 and 1 F j F m .i j i
Consider the line which is the intersection of the plane x s i y 1 and
the plane
l : x q y q z s i y 1 q m y j q g .Ž . Ž .1 i
We first need to show that all the lattice points on this line to the ``right''
of ``('' are not in our given standard k-configuration. Notice that for such
a point, its y-coordinate satisfies
m y j F y F m y j q g .Ž .i i
So, we define
¡ ƒi y 1, y , z G 0 integers ;Ž .
3~ ¥y q z s m y j q g ,Ž .i y 1, y , z g AŽ .S [ .i1 ¢ §m y j F y F m y j q gŽ .i i
FIGURE 2
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Claim A. For every point P g S , P f X.1
Proof of Claim A. We consider two separate cases.
Case 1. y G m . In this case, clearly P f X since the largest y-coordi-i
nate for a point in X, which is below the points in S , is the y-coordinate1
Ž .of the point i y 1, m y 1, d y 1 , that is, m y 1.i i1 i
Case 2. m y j F y - m . In this case, we can write y s m y r, wherei i i
1 F r F j. Then
z s i y 1 q m y j q g y x q yŽ . Ž . Ž .i
s i y 1 q m y j q g y i y 1 y yŽ . Ž . Ž .i
s m y j q g y m y rŽ . Ž .i i
s g y j q r
) d y 1 y j y rŽ .Ž .i j
s d y j y r y 1Ž .i j
G d q j y r y j y r y 1Ž . Ž .i r
s d y 1,i r
that is, z ) d y 1. It follows that P f X for such y.i r
This completes the proof of Claim A.
Ž 3.Now let S be all the lattice points in the first octant of A that lie on2
the intersection of the two planes
x s i ,
x q y q z s i y 1 q m y j q g .Ž . Ž .i
These correspond to monomials of the same degree as the monomial
Ž .corresponding to ``('' and which immediately follow in the lex ordering
Ž Ž . .the monomial corresponding to i y 1, m y j q g , 0 . We must showi
that all these lattice points are not in X.
Claim B. If P g S , P f X.2
Proof of Claim B. By the same method as in the proof of Claim A, it
Ž Ž . .suffices to show that i, 0, m y j q g y 1 f X, that is, d y 1 -i Ž iy1.m iy1
Ž . Ž .m y j q g y 1 see Fig. 3 .i
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FIGURE 3
On the other hand,
m y j q g y 1 ) m y j q d y 1 y 1Ž . Ž . Ž .i i i j
s m q d y j y 2i i j
G d q 1 q d q j y 1 y j y 2Ž .Ž iy1.m i1iy1
s d q d y 2Ž iy1.m i1iy1
G d q 1 y 2Ž iy1.m iy1
s d y 1.Ž iy1.m iy1
Ž .So, m y j q g y 1 ) d y 1. This proves Claim B.i Ž iy1.m iy1
By Claims A and B, the ideal J is a lex-segment ideal. This completes
the proof of this theorem.
w x w xPutting together the work of Bigatti 1 , Hulett 7 , and Theorem 4.3, we
obtain the following.
THEOREM 4.4. Let X be a k-configuration in P3 of type
T s d , . . . , d ; . . . ; d , . . . , dŽ .11 1m u1 um1 u
and let H be its Hilbert function.T
The resolution of I gi¤en in Theorem 3.2 is the maximal resolutionX
possible for DH .T
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